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Abstract

The Systolic Processor with a Reconfigurable Iater-

connection Network of Transputers (SPRINT) is a sixty-foar-

multip developed at Lawrence Livermoce Na-

ﬁoul l.ubonloq for experimentally evaluating systolic algo-

rithms and architectures. This paper describes the architec-

ture of the SPRINT and several algorithms which have been
executed on it.

Introduction

Computationally intensive problems drive research into
parallel computing. Work on systolic array architectures [4],
pioneered by H. T. Kung, indicates that for an important class
of algorithms, computation speed can be linearly increased by
the number of processors. For example, for matrix-matrix mul-
tiplication, a systolic array of N x NN cells can be constructed
to multiply two N x N matrices in 4N time steps. Although
each cell is busy only one quarter of the time, the proportioa
is independent of NV, the sise of the array.

Researchers have designed systolic architectures for many
computationally intensive tasks. Lawrence Livermore National
Laboratory has developed the Systolic Processoe with a Recon.
figurable Interconnection Network of Transputers (SRINT) to
evaluate experimentally systolic algorithms and architectures.

Archit { the SPRINT

The SPRINT, shown in figure 1, is a sixty-four-processoe
multiprocessor developed to evaluate experimentally and to
demonstrate implementations of systolic The proces-
socrs can operate in Single Instruction Multiple Data (SIMD) or
Multiple Instructioa Multiple Data (MIMD) mode. Processors
operating in SIMD mode execute the same instructioa simul-
taneously but operate on different data. Processors operating
ia MIMD mode can execute different instructions oa different
data. Each of the sixty-four processors is an INMOS Trans-
puter, a 32-bit single-chip microprocessoe, Timing tests show

- that the T414-13 Transputer petforms approximately twice as .

: ihtuquulTSOhehmopcmieu. The processors
- are laterconnected
ulate networks such as the two-dimensioaal mesh, the tdans
gular mash, the binary tzee, and the shuflie-exchange astwock,

The two-dimensional meth and the triangular mesh are used
:&mqﬂoﬂed‘cﬂ&mmmuﬂhwhm
‘rithms such as parallel search algorithms, The shuffie exchange
network can be used {oe recursive doubling algorithms sach as
the Fast Fourier Transform (FFT).

in & recoafigurable netwoek which can eme -

The SPRINT is implemented as a set of eurocards in-
terfaced to a MicroVax L. There are sixteen processor boards,
ooe I/O board, and one network control board. A processor
board contains four processors. Each processor has 128kbytes
of memory and four asynchronous, full-duplex, 10 Mbit/sec
links connected to a 4 x 8 crossbar switch. Each crossbar
switch is memory mapped to ils associated processoe. The
outputs of the sixty-four crossbas swilches are interconnected
in a six-dimensional hypercube. The /O board interfaces the
processors to the host machine, a MicroVax 1l. The network
control board configures the netwock into the desired topology
by controlling the 4 x 8 crossbar switches. The MicroVax [l
contains the programs »nd data for the SPRINT.

The SPRINT's hypercubic netwock is defined as fol-
lows: Number the vertices ol an n-dimeusional hypercube from
0 to 2*~! in binary. There is a coanection between each pair
of nuinbered vertices whose bit patterus diifer by exactly one
bit. Let xm[2q_y,++, 24, 20] be the binary label ol a node.
The neighbors of x are [z4_), -+, F7.- - 20| for 0 <k <n= 1.
Therefore, each node is connected to n other nudes. For ex.
ample, in a 6-dimnensional hypercubic network, node 100110 is
coanected to node 100111 (bit O dilferent), node 1LUIVY (bit
1 different), node 100010 (bit 2 different), node 101110 (bit 3
different ), node 110110 (bit 4 ditferent), and node VOUL10 (bit
S different).

Although neither an n-level Linary trce noe a 2% nwle
shulfe-exchange netwoek can be imbedded in an n-dinsensioaal
hypercubic netwock, the SPRINT network can emulate these
netwocks by conuecting appropriate nodes through multiple
crossbar swilches. This connectioa adds only a uiwimal delay
to messages on the links and does not involve the processocs.
Figure 2 shows a d-level teee inbedded in A 18-node version
of a SPRINT netwock. The node nuimbers represent the node
numbers ia the underlying +-dimensional hypercubic network.
There cannot be a direct connection from processoe $ (101 in
binary) to processor 3 (011 in binary) because the labeis diller
by two bits, bits 1 and 2. The counection from pevcessor $ to
processor 3 passes through crossbar 7 (111 in binary), but the
coanectioa does not involve processor T.

Theorem 1: No n.level binary tree, n > 2, can be
imbedded into aa a.dimensional hypercube 30 that neighbors
ia the tres aze mapped Lo neighbocs in the hypercube.

Prool Label the nodes in the n-direriional hyper

cube ia binary, 0 that there is a coanection between every
pait of aodes whosee label differs by exactly oae bit. la aa a.
dimensional hypercube, half the nodes have an even number of
ones {a their labels, Call these nodes even parity nodes. The
other half of the nodes bave an odd number of ones in their
labels, Call these nodes odd parity modes. In a hypercube, the
ncighbors of a node have opposite parity of the node itself, be-

! This wock was performed under the auspices of the U.S. Department of Encrgy
by the Lawrence Livermore Laboratory under Coatnd W-740S8-Eng-48.
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Figure 1. Architecture ot the SPRINT

cause the label of each neighbor must differ by exactly one Lit.
This property must be maintained by any mapping of the tree
oato the nodes of the hypercube. The parity of the root of the
tree (level 0) differs from the parity of the two nodes at level
1, and the parity of both nodes must be equal. By inductioa
it can be seen that all nodes at a given level must be equal
in parity, and that successive levels in the tree must alternate
in parity. Half the nodes are leal nodes (level n-1), which are
equal in parily, say parity p. Labelling these nodes with the
same parity leaves the rest of the hypercube nodes (all of parity
.« §) fot the rest of the tree. Tha rest of the tree nodes requiring
. . parity p cannot be assigned, because the nodes of parity p ace

e ::::hd. For example, all nodes at level a-3 require acdes

T o

"+ Theorem 2t No shufleexchange metwork with 2%

md—.a>l.mhlnbdddhhu~dimm-

Prooft Number the nodes ia a shuflle-exchange net.
work from 0 to 2°-1. The shuffie-exchange network with 2°
nodes, » > 1, contains cycles of both even and odd lengths.
There will be a threecycle from node 0 to node 1 to node 2%~!
to node 0. The hypercube contains only even-length cycles.
Therefore no network which coatuins odd-length cycles caa be
imbedded ia a hypercube.
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Algocithn Execyted on the SPRINT

Several algocithms have been executed oa the SPRINT
(1.2}, including matrix-matrix multiplicatioa, the Fadeev algo-
rithm, several image processing algorithms, and a finite ditfer-
ence time domain electromagnetic simulation algorthm. Des
fne efficiency, %, to be
Ee)
= AT’ (1)
where T} is the time tequired to complete the algotithm with
one processor, and Ty is the time requited to complete the
algodithm with n processors. Define speedup Sy o be

3!
o Sa= T (2)
The goal of parallel computation is to approach linear speedup,

i.e, whea Sy = kn, where k i1 independent of n. Linear
speedup occurs when efficiency is ‘ndependent of the aumber

of processors. Thea
T 4 ...
s‘-r—:"n‘. éﬁm
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For each of these algorithms, the SPRINT exhibited linear
speedup with respect to the ber of pr 3 and exe-
cuted the algorithms more than ninety times faster than a
Vax-11/780.

Each element ¢;; of the matrix product C = AB can
be expressed as the inner product ol the ith row of A with the
.. jth column of B, so that

3
i = ) eub. L))
b=l
This can be expressed as a recurrenc: in which the kth term
of ¢;; can be computed as

i’ =0 1Si S

el m el reudy; 150G kSN (5)

where e&’) is the final result. This set of recurrences is imple-
mented by various systolic architectures, including the engage-
ment prucessor {6] and the Wavefront Array Piocessoe (WAP)
(8.

The engagement processor and the WAP are mesh-
connected multiprocessors. Row i of A is supplied to the west
connection of processor (i,1), and column j of B is supplied
Ao the north connection of processor (1,5) for all 1 4,5 < .
"The product, matrix C, is contained in the processors. At tine

t + 1, processor (i) computes c&?’". which is givea by

L1 m Y eprgrenatgon - egiepetionid

At time ¢ m (i = 1) + (j = 1) + 8, processoe (i,5) completes

" computation of & j. The matrix product completes when the
proceseot (n,n) completes its computation at ime ¢ = (R =

1)+(u-l)+n-3& 2 wduq.tm is given by

n? n
™S G2 (3n-2)

which is alightly over }.

(M

(9)

The SPRINT multiplied two nxn block matrices whese
each block is an B x B submatrix. The recurrences describ
above bold for the pzoduct of two block matrices, so the above
analysis holds for the product of block matrices. The algorithm
was modified to take advantage of the fact that the Transputer
can compute and coaununicate simultaneously, so that while a
processor is pesforming the matrix-matrix multiply-accumulate
operation, it is sending its operands to its neighbors. This step
reduces the total completion time to be

T = AT, + (20 = 2T = n(Z)' Tse + (20 = 2(Z) Tor.

_ (8)
where Tepm, is the computation time for an 2 x 2 submatrix
multiply, T, is the lime required to communicate an 3 x 3
submatriz, Twe, is the time required to perform one scalar
multiply-accumulate function, and T, is the time required to
communicate oue scalar to a neighburing processor. Elliciency,

nl,is given by

L3
AHA( 2P Tmae + (20 = Y 2PT00)

na = (9)

If m is sufficiently large so that 2T >> 2T, then

T3 a2 Tae (19)
n
and T
et

CRYE Y
Therefore, {or sufficiently large m, etliciency is approximately
1, three times the efficiency ol the engagement processor and
the WAP. Linear speedup is predicted from these results.

=1 (1

The SPRINT exhibited linear speedup when multiply.
ing two matrices. Figure J shows the execution of n x n block
matrices oa A R x A mesh of processors, where | < n € 3.
The block sise, ? is 64. The figure shows that the SPRINT
multiplied two 312 x 312 matnces of 32.Lit integers in 12.7
secoads. The Vax-11/780 executing an optimized Fortran al.
gotithm multiplied the matrices in 1431 seconds, which ia 110
times loager than the SPRINT. The Cray-X/MP executing a
vectorized Fortran algorithm multiplied the matnices ia 13 sec-
oads, which is 1.4 times loager than the SPRINT.

NXIMN block matrix mullipty on NXN celly
Dummm v Sl

A
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Figure 3. Execution of n x n block matrices
oa a m X R mesh of processors.




The Fadeev algorithm (3] is a good candidate algorithm
for systolic array implementation because of the several im-
portant linear algebea operations it cas perform. The Fadeev
algorithm culeulates CX 4- D, where C and D are given, and
X is the solution of AX = B, whers A and B are given. All
quantities are N x ¥ matrices. The quantity calculated is
CA='B + D. Other linesr algebra operations are obtained by
setting combinations of 4, B, C and D to constants. For ex-
ample, by setting B = C = [ and D = 0, the result is A~!,
the inverse of a matrix. By setting A = I, D = 0, the result is
CB, the product of two matrices.

The SPRINT network topology used for the Fadeev al-
gorithm is an n x n triangular mesh cascaded with an n x
n mesh. This topology requires in’ + }n processors, where
1 < n < 6. The Fadeer algorithm requires O{(n®) operations
to complete. The SPRINT executed the Fadeev algorithm's
O(n?) operations in O(n) time with O(n?) processors. Eff-
dency is therefore a constant, implying that the SPRINT ex-
hibited linear speedup with respect to the number of processors
when executing the Fadeev algorithm.

I P ing Algoritt

SPRINT executed several image processing algorithms
including dilation, erosion, bilirear expansion, autocorrelaticn,
and the median, low pass and high pass filters. Foe these al-
gorithms, the network is configured to an 8 x 8 mesh. For
an m x m image contained in an array of n x n processors,
each processor containg an 2 x 2 subimage. Processoe (i, ;)
contains the pixels Plk,l|, where

m m m m
—-_(i=-1)+1< - - =1)+1<C1<—j.
(‘ 1)+1<sksS —i, ard G=1+181< -5 (12)

Figure 4 shows a 4 x 4 array of processors containing a 12 x 12
image. The 4 x 4 dotted boxes represent the processors. Each
processor coutains a 3 x 3 subimage, represented in the figure
by solid boxes. For example, processoe (2,3) contains pixels
Plk,l], where 4 S k< 6,and 7 <1 < 10,

In this class of processing algorithms, each resultant
pixel Poguliyj| s given by

Pm(‘:il - f(P'u('. + bhj *‘h])o -1g hh s, (13)

which is a fuaction of its nearest neighbors. Foe example, ia the
~ image erosioa algorithm, each output pixel Powliyj]is givea by

f’m({oﬂ amin(Pafi+ki+h]) -1Shhasl (14)

.. which {a the minimum of ils nearest neighbocs. Many of the
pixels can be computed without any interprocessor commu.
processoe needs data from its neighbors caly
when calculating its boundary pixels. The pixels required by
apr are all pixels adjacent to its boundary pixels. Foe
example, processor (2,3) in the figure can compate pixel P{3, 8]
without communicating with its neighbors. However, the pro-
cessor cannot compute pixel P{6,8] without receiving pixels
P{1,7), P[7,8], and P[T,9]. Processor (2,3) must receive those
pixels from processoe (3,3). The small dotted boxes adjacent
to the solid boxes in the figure represent the storage necessary
for the pixels t to the boundary pixels.
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Figure 4. 4x4 mesh ol processors containing 12x12 image.

Each processor needs to send and receive 42 <4 pixels,
with the exceptioa of the boundary processors. Detine the time
to calculate one pixel to be Tioi, and the time to send one pixel
10 be Teemm. The total computatioa for one processor, T, is

Ty = m T (18).

The total computation time required for n? processoes to com-
plete the algocithm, T, is

Ta= (E)’T““ * 3(? * UTimm. 116)
and efficiency, n., is given by

MZT,“.
N (T Tan v 43 * Ul

k=2, the

BT,
Mt = BT +8(k + )T o’

which means that m can be chosen to be suffciently large
20 that the efficiency is independeut of n. Therefore, linear
apeedup is peedicted (or these algodthms, Also,

g—1ask—oo (19)

(18)

Execution oa the SPRINT verifies linear speedup with
tespect to the aumber of p e ds are required
foe » X R processoes Lo compute an m x m image, thea ¢ seconds
are required for kn x kn pe to pute a km x km

The SPRINT required less than 700 milliseconds to ex-
ecute any of these algorithms on 2 512 512 image using a I3
ketnel. The Sun 11l and the Vax-11/780 require more than one
minute Lo execute any of these algorthms,




The SPRINT ted a one-di ional, finite differ-
ence time domain electromagnetic simulation algorithm. The
algorithm calculates the electric and magnetic fields foe the m
points P(j], 1 € j < m, by solving Maxwell’s equations. For
this algorithm, the SP:UNT's 64 processors are configured to
be in a linear pipeline, so that any p iis ted to
processor § — 1 and to processor i + 1. The one-dimensional
space is pactitioned into n = 64 segments of size 2. Processor
i contains points

Plil, for Z(i-1)+15j< 7. (20)

The computation of each point is dependent on only its nearest
neighbors. Therefore, each processor communicates with only
its nearest neighbors. The processors compute the fields for
most of the points without any communication. Each processor
needs data from its neighbors oaly when calculating its two end
points. Define the time to calculate one point for one time step
0 be Teule, the time to communicate one peint to be Teomm,
and the number of time steps to be S. The total time required
for n processors to complete the algorithm, T, is

Ta= S(%T.;. + Wermm)s (21)
s0 that

T T
ATy MTete + 2T omm |

neo (22)

k=D, then
- kT eute
T T + Toomm'
which means that m can be chosen to be sufficiently large

50 that the efficiency is independent of n. Therefore, linear
speedup is predicted for this algorithm. Also,

n—1as k—oco. (24)

(23)

Execution on the SPRINT verilies linear speedup with
respect to the ber of pr e ds are required
for n processors to complete an m-point problem, then ¢t sec.
onds are required for kn processors to complete a km-point
problem. The same result should hold when the algorithm is
extended to two- and three-dimensional problems.

Conclusion

The SPRINT and other systolic arrays can execute
many computationally intensive tesks with speedup propor
tional to the number of processors in the array. The SPRINT
has shown this experimentally for up to 64 processors, and

" should exhibit linear speedup with respect to the number of
<. processors when executing other algotithms such as the FFT,
SN , computer tomography, and other signal and im»
o cage processing algorithms.
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